A PERTURBATION RESULT FOR QUASI-LINEAR STOCHASTIC 
DIFFERENTIAL EQUATIONS IN UMD BANACH SPACES. 
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Abstract. We consider the effect of perturbations of A on the solution to the 
following quasi-linear parabolic stochastic differential equation set in a UMD 
Banach space X: 

r dU{t) = AU{t) dt + Fit, U(t)) dt + G(t, Uit)) dWnit), t > 0; 

\ U(0) = xo. 

Here A is the generator of an analytic Co-semigroup on X, G : [0, T] X X — )■ 
C(H,X^ ) andF : [0,T] xX -^ X^ for some Sq > -i, dp > -|-(-^, where 
r is the type of X. We assume F and G to satisfy certain global Lipschitz and 
linear growth conditions. 

Let Aq denote the perturbed operator and Uo the solution to IISDEI I with 
A substituted by Aq. We provide estimates for \\U — t/ollLP(n;C([0,TlX)) i^i 
terms of D/i{A,Ao) := ||R(A : A) - R(X : Ao)\\^(^^a x)- ^ere 5 G [0,1] is 

assumed to satisfy < (5 < min{^ \- dp, -= I-^g}- 

The work is inspired by the desire to prove convergence of space approxi- 
mations of IISDEI I . In this article we prove convergence rates for the case that 
A is approximated by its Yosida approximation. 

Keywords: perturbations, stochastic differential equations, stochastic convo- 
lutions, stochastic partial differential equations, Yosida approximation 
MSC2010: 46N40, 35R60, 35A30, 60H15 
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1. Introduction 

In this article we consider the effect of perturbations of A on the solution to the 
following stochastic differential equation set in a umd Banach space X: 

j dU{t) = AU{t) dt + F{t, U{t)) dt + G{t, U{t)) dWnit), t > 0; 
[ U{0) = xo. 

Here A is the generator of an analytic Co-semigroup on X, G : [0,r] x X -^ 
C{H,X^J and F : [Q,T]x X ^ X^^ for some Og > -\, Qf > -\ + 7, where 
T G [1, 2) is the type of X. We use Xf to denote the fractional domain or extra- 
polation space corresponding to A. We assume F and G to satisfy certain global 
Lipschitz and linear growth conditions, see Section [2.2.21 below. The framework in 
which we consider (jSDEp is precisely the one for which existence and uniqueness 
of a solution has been proven in [3D]. A typical example of a stochastic partial 
differential equation that fits into this framework is a one-dimensional parabolic 
stochastic partial differential equation driven by white noise. 

The main motivation to study the effect of perturbations of A on solutions to 
(jSDEp is the desire to prove convergence of certain numerical schemes for approxi- 
mations in the space dimension. In fact, in [5] we demonstrate how the perturbation 
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2 SONJA COX AND ERIKA HAUSENBLAS 

result proven in this article can be used to obtain pathwise convergence of certain 
Galerkin and finite element methods for (|SDE|) in the case that X is Hilbertian. 
Here we focus more on the theoretical aspects, and demonstrate how our pertur- 
bation result can be used to prove convergence of the solution processes if A is 
replaced by its Yosida approximation. 

With applications to numerical approximations in mind, we assume the per- 
turbed equation to be set in a (possibly finite dimensional) closed subspace Xq of 
X. We assume that there exists a bounded projection Pi^) : X ^ Xq such that 
Po{X) — Xq. Let ixo be the canonical embedding of Xq in X and let Aq be a 
generator of an analytic Co-semigroup So on Xq. In the setting of numerical ap- 
proximations, Aq would be a suitable restriction of A to the finite dimensional space 
Xo. 

The perturbed equation we consider is the following stochastic differential equa- 
tion: 

r dt/(°)(i) = Aof7(°)(i) dt + PoF(i, t/(°)(i)) dt 
(SDEo) J +PoG{t,U^''\t))dWH{t), i>0; 

[ C/(")(0)=Poa;o. 
Our main result. Theorem 13. II below, states that if we have: 
(1) Ds{A,Ao) := ||i?(Ao : A)~ix,R{>^o : Ao)Po\\c(xt,.x) < ^, 

for some 5 >Q satisfying 

0<<5<min{f -i-f^i., i + ^GJ, 

and a;o G LP{fl; Jb; Xf) for p G (2, oo) such that - < ^ + Oq — S, then there exists 
a solution to dSDEpD in LP{n; C([0, T];Xo)) and moreover: 

\\U - ix„U^''M\LP(n-c{lo.T]:X)) < Ds{A,Ao)il + \\xohp(n;X^))- 

Note that if 5 < 1 then a priori it is not obvious whether Ds{A,Aq) is finite. 

As a corollary of Theorem l3.1l we obtain an estimate in the Holder norm provided 
we compensate for the initial values (see Corollarv 13.41 below*) . i.e., for A G [0,^) 
satisfying 

< A < min{| - i - (<5 - 0^) V 0, i - i - (<5 - 0g) V 0}, 

we have: 

\\U - Sxo -ixo{U^°^ -<S'oPoa;o)||Lp(0;CM[o,T];X)) < L'a-(A, Ao)(l -f \\M\Lp{n-x^))- 

Our results imply that if (yl„)„gN is a family of generators of analytic semi- 
groups such that the resolvent of An converges to the resolvent of A in £(X^^, X) 
for some 5 G [0,1] (and {An)n&i is uniformly analytic), then the corresponding 
solution processes t/„ converge to the actual solution in i^(^; C([0, T]; X)) and the 
convergence rate is given by Ds{A, An). 

In particular, we may apply Theorem 13. II to the Yosida approximation of A. In 
this case we assume Of and 9g are positive. The n}^ Yosida approximation of A is 
given by An = nAR{n : A), and we let f/^"^ denote the solution to (ISDE[) where A 
is substituted by An- By applying Theorem 13.11 we obtain that for rj G [0, 1] and 
p £ (2, cx)) such that 

?7<min{|-i+6lF,i-i + 6iG} 
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we have, assuming xq G L'''{il,TQ;X^): 

l|C/-t/^"^l|L.(n;C([O.T];X))<n-''(l+||xo|Up(f,,X„-)). 



See also Theorem 14. II 

It was proven in |15j that if {An)neN is a family of generators of analytic semi- 
groups such that the resolvent of A„ converges to the resolvent of A in the strong 
operator topology, then the corresponding solution processes [/„ converge to the 
actual solution in LP{il;C{[0,T];X)). However, the approach taken in that article 
does not provide convergence rates and requires 9f,9q > 0. 

Another article in which approximations of solutions to (jSDEp are considered in 
the context of perturbations on A is ,1,. In that article, it is assumed that X is a 
UMD space with martingale type 2. In Section 5 of that article the author considers 
approximations of A, F, G and of the noise. Translated to our setting, the author 
assumes the perturbed operator Aq to satisfy Xg° = Xg-^ and Xg° = X^^ (in 
particular, Xq cannot be finite-dimensional). 

A natural question to ask is how the type of perturbation studied here relates 
to the perturbations known in the literature. In [S], [T^], and |52] (see also [TUJ 
Chapter III. 3]) one has derived conditions for perturbations of A that lead to an 
estimate of the type \\S{t) — So{t)\\c{x) = 0{t). In light of Proposition 13.21 below 
these results are comparable to our results if we were to take a = — 1. In particular, 
[lOl Theorem III. 3. 9] gives precisely the same results as Proposition 13.21 but then 
for the case a = — 1 and /3 = 0. 

The proof of our perturbation result (Theorem I3.1[) requires regularity results 
for stochastic convolutions. As the convolution under consideration concerns the 
difference between two semigroups instead of a single semigroup, the celebrated 
factorization method of [7j fails. Therefore we prove a new result on the regularity 
of stochastic convolutions, see Lemma [2 . 1 71 below . This lemma in combination with 
some randomized boundedness results on 5 — SqPq form the key ingredients of the 
proof Theorem 13. II 

The set-up of this article is as follows: Section [2] contains the preliminaries; i.e., 
the necessary results on analytic semigroups, vector-valued stochastic integration 
theory, and 7-boundedness. In that section we also state the precise assumptions on 
A, F, and G in (ISDE[) . and prove the regularity results for (stochastic) convolutions 
that we need in the proof of Theorem 13. II In Section |3] we prove Theorem 13.11 and 
in Section |4] we prove convergence for the Yosida approximations. 

Notation. For an operator A on a Banach space X we denote the resolvent set of 
A by p{A), i.e., p{A) C C is the set of all the complex numbers A G C for which 
XI ~ A is (boundedly) invertible. For A G p{A) we denote the resolvent of A in A 
by R{X : A), i.e., R{X : A) — {XI — A)^^. The spectrum of A, i.e., the complement 
of p{A) in C, is denoted by a{A). 

For X,Y Banach spaces we let C{X,Y) be the Banach space of all bounded 
linear operators from X to Y endowed with the operator norm. For brevity we set 
C{X) :=C{X,X). 

For T > and 6* > we take the following definition for the Holder norm: 

ll/llc«([o,T];i-):-||/(0)||y+ sup "-^^^.^ ~ ^^ "^ ■ 

0<s<t<T (t - s)'^ 
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We write A < B to express that there exists a constant C > such that A < CB, 
and we write A ^ B ii A < B and B < A. Finally, for X and Y Banach spaces we 
write X ^Y a X and Y are isomorphic as Banach spaces. 

2. Preliminaries 

Throughout this section X, Y, and Yi, i e {1, 2}, will be used to denote Banach 
spaces and H will denote a Hilbert space. 

2.1. Analytic semigroups. For S G [0,7r] we define 

Es:^{zeC\{0} : |arg(z)|<5}. 

We recall the definition of analytic Co-semigroups [21, Chapter 2.5]: 

Definition 2.1. Let 6 & {0,^). A Co-semigroup {S{t))t>o on X is called analytic 
in Y,s if 

(i) S extends to an analytic function S" : S5 — ;■ C{X); 
(ii) S{zi + Z2) = S{zi)S{z2) for zi,Z2 e S^,- 
(iii) liniz_j.o;zeEa S{z)x = x for all x G X . 

Typical examples of operators generating analytic Co-semigroups are second- 
order elliptic operators. The theorem below is obtained from [3TJ Theorem 2.5.2] 
by straightforward adaptations and gives some characterizations of analytic Co- 
semigroups that we shall need. 

Theorem 2.2. Let A he the generator of a Co-semigroup {S{t))t>o on X. Let 
Lu eR be such that (e^"*S'(i))t>o is exponentially stable. The following statements 
are equivalent: 

(i) S is an analytic Co-semigroup on E^ for some 6 G (0, §) and for every 
6' < 6 there exists a constant Ci.s' such that ||e~"^S'(z)|| < Ci,^' for all 
z eYiS'. 
(ii) There exists a 9 E (0, ^) such that lu -\- Sii+e C p{A), and for every 
9' G (0, 9) there exists a constant C2.0' > such that: 



\X - Lu\\\R{X : A)\\ < C2,B', for allXeuj + Y.^ 



+0' 



(iii) S is differentiable for t > (in the uniform operator topology), -^S — AS , 
and there exists a constant C3 such that: 

t||AS'(i)|| < Cse"*, forallt>0. 

This theorem justifies the following definition: 

Definition 2.3. Let A be the generator of an analytic Co-semigroup on X. We say 
that A is of type {uj,9,K), where uj e R, 6* G (0, f ) and K > 0, ifu + Y^iL+g C p{A), 
(e"*S'(i))t>o is exponentially stable, and 

|A - ^|||i?(A : A)\\cix) < K for all X e lo + S^+e. 

Remark 2.4. It follows from the aforementioned proof in ^21j that the constants 
S,Ci^S'; 6' G (0,(5), C2fi'; 9' G (0,0), and C3 in Theorem 12.21 can be expressed 
explicitly in terms of w, 9, and K; for example, we may take C3 = — ^^~~5- 



PERTURBATIONS OF SDES IN UMD BANACH SPACES. 5 

Note that if A is the generator of an analytic Co-semigroup of type (w, 6, K) then 
for all A G w(l + 2(cos6')^^) + E^^+g one has (noting that the choice of A implies 

|A| > 2\uj\ and hence |A - a;| > ||A| - |a;|| > i|A|): 

(2) \\AR{\ : A)\\cix) = l|Ai?(A : A) - /|| < 1 + 2K. 

Let A be the generator of an analytic semigroup of type {uj,d,K) on X. We 
define the extrapolation spaces of A conform .21, Section 2.6]; i.e., for 5 > and 
A G C such that ^e(A) > cj we define X^g to be the closure of X under the norm 
||a;||x^ := ||(A/ — yl)~'^a;||x- We also define the fractional domain spaces of A, i.e., 
for (5 > we define Xf = D((A/ - A)^) and \\x\\xa := ||(A/ - AYxWx- One may 
check that regardless of the choice of A the extrapolation spaces and the fractional 
domain spaces are uniquely determined up to isomorphisms: for 5 > one has 
(A/ - A^inI - A)-^ e C{X) and: 

||(A/ - Afifil - A)-'\\cix) < C{u;, 9, K, A,/.), 

where C(a;, 6, K, A, /i) denotes a constant depending only on lu, 9, K, A, and ^. More- 
over, for (5, /3 G E one has (A/ - Af{\I - Af = {XI - A)^+l^ on X^, where 
7 = max{/3, S + 13} (see [HI Theorem 2.6.8]). 

Statement (pli|) in Theorem l2.2l can be extended; from the proof of QV, Theorem 
2.6.13] we obtain that for an analytic Co-semigroup S of type {Ld,9,K) generated 
by A one has, for 6 > 0: 

(3) \\Smcix,xf)<2{,^f^t~'e-^. 

The following interpolation result holds for the fractional domain spaces (see [211 
Theorem 2.6.10]): 

Theorem 2.5. Let A be the generator of an analytic Cg-seniigroup on X of type 
{uj,9,K). Let 6 e {0,1) and \ e C such that ^e{\) > uj. Then for every x E D{A) 
we have: 

\\{XI ~ AYx\\ <2{1 + K)\\xr-'\\{XI - A)xr. 
For more properties of Xf, J G M, we refer to [H] Section 2.6]. 

2.2. Stochastic differential equations. Throughout this section X and Y de- 
note UMD Banach spaces, and {fl, {J-'t)t>a,^) denotes a probability space. 

2.2.1. Stochastic integration in UMD Banach spaces. Before turning to stochastic 
differential equations, we recall the basics concerning stochastic integration in umd 
Banach spaces as presented in [I^]. Recall that the umd property is a geometric 
Banach space property that is satisfied by all Hilbert spaces and the 'classical' 
reflexive function spaces, e.g. the L^-spaces and Sobolev spaces W'''^ for fc G N and 
p G (1, oo). For the precise definition of the umd property and for a more elaborate 
treatment of spaces satisfying this property we refer to [2, . 

Fix T > 0. An H- cylindrical Brownian motion over (J7, {J-t)t>a,^) is a mapping 
Wh ■■ i^(0, T; H) -^ L'^{n) with the following properties: 

(i) for all h G L^{0,T;H) the random variable WH{h) is Gaussian; 
(ii) for all /ii,/i2 6 L^{0,T;H) we have ET^jj(/ii)VFff(/i2) = (/ti,/i2); 
(iii) for allh G H and all t G [0, T] we have that WH{l[o,t] <8)/i) is J"t-measurable; 
(iv) for all ft. G i? and all s,t G [0,T], s < i we have that WH{l[s,t] <8> h) is 
independent of Ts ■ 
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Formally, an iJ-cylindrical Brownian motion can be thought of as a standard Brow- 
nian motion taking values in the Hilbert space H . 

For the precise definition of the stochastic integral of a process $ : [0, T] x i7 — >■ 
£(iJ, X) with respect to Wh we refer to [19]. For our purposes it suffices to cite the 
characterization of such stochastically integrable processes in terms of the so-called 
7-radonifying norm of the process. 

Let H be a Hilbert space (we will take % = L^{Q,T;H) later on). The Banach 
space ^{T-L,X) is defined as the completion oiTi.® X with respect to the norm 

W 2 N ^ 

\\y^ hn®Xn :=E V'7„(8)x^ 

n— 1 n— 1 

Here we assume that (/i„)^^i is an orthonormal sequence in H, {xn)^^i is a se- 
quence in X, and (7„)^=i is a standard Gaussian sequence on some probability 
space. The space ^{H,X) embeds continuously into C{'H,X) and it elements are 
referred to as the j-radonifying operators from Ti to X. For properties of this norm 
and further details we refer to the survey paper |17| . 

Let {R, TZ, ji) be a measure space. In that case 7(i?, H] X) is used as short- 
hand notation for 'y{L'^{R;H),X); in particular, '-f{0,T,H;X) is short-hand no- 
tation for 7(^2(0, T;iJ);X). We use j{0,T;X) to denote -f{L^{0,T),X). If X 
is a Hilbert space, and {R,TZ,ii) is a cr-finite measure space, then jlR, H; X) — 
L'^{R,C2{H,X)) where C2{H,X) denotes the space of Hilbert-Schmidt operators 
from H to X. 

A process $ : [0, oo) x i7 — ?> C{H, X) is called H-strongly measurable if for every 
h € H the process ^h is strongly measurable. The process is called adapted if $/i 
is adapted for each h £ H. 

We cite [H Theorem 3.6]: 

Theorem 2.6 (L^-stochastic integrability). Let p G (l,oo) andT > be fixed. For 
an H-strongly measurable adapted process $ : (0,r) x fi — >■ C{H,X) the following 
are equivalent: 

(i) $ is LP -stochastically integrable with respect to Wh; 
(ii) we have <^*x* e LP{il] L'^{0,T; H)) for all x* £ X* and there exists a 

(necessarily unique) i?$ G L^(r2; 7(0, T, _/?; X)) such that for all x* G X* 

we have 





Rlx* 


= ^*x* 


inLP{n;L^{0,T;H)). 


In this situation one has 


(4) E sup 

0<t<T 


[ ^dWH 
Jo 


p 

— IPT N R IIP 
y ^P ^ 11^* 117(0, T,_f/:Y)' 



the implied constants being independent of^. 

The inequalities in equation ^ are referred to as Burkholder- Davis- Gundy in- 
equalities. 

From now on, if $ is stochastically integrable, we shall simply use $ to denote 
both a process and the (unique) _R$ e LP{Vl\^{Q,t,H\X)) that satisfies R%x* = 
^*x*. 
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2.2.2. The SDE. In Section [3] we will prove a perturbation result for the following 
stochastic differential equation: 

,„_, { dU{t) = AU{t)dt + F{t,U{t))dt + G{t,U{t))dWH{t)- tG[0,r], 
(^°^) I C/(0) = xo. 

where A, F and G are assumed to satisfy conditions (A), (F), and (G) below. 
The assumptions on F depend on the type of the Banach space F. The type of 
a Banach space is defined based on the behavior of moments of randomized sums, 
and it always takes values in the interval [1,2]. The greater the type, i.e., the closer 
to 2, the more the space behaves like a Hilbert space: every Banach space has type 
at least 1, and all Hilbert spaces have type 2. The L^-spaces have type min{p, 2}. 
We refer to [16] for a precise definition of type (and co-type) and further details. 
Both UMD and type are preserved under Banach space isomorphisms. 

(A): A generates an analytic Co-semigroup on a umd Banach space X. 

(F): For some 9p > —1 + {^ — i), where r is the type of X, the function 
F : [{) ,T] X X -^ Xgp is measurable in the sense that for all x G X the 
mapping F(-,x) : [0,T] — )> Xg^^ is strongly measurable. Moreover, F is 
uniformly Lipschitz continuous and uniformly of linear growth on X. 

That is to say, there exist constants Cq and Ci such that for all t G [0, T] 
and all x,y G X: 

\\F{t,x)-F{t,y)\\x,^ <Co\\x~y\\x, 
\\F{t,x)\\x,^ <Ci(l + ||a;|U). 

The least constant Cq such that the above holds is denoted by Lip(F), and 
the least constant Ci such that the above holds is denoted by M{F). 
(G): For some 0g > -|, the function G : [0,T] x X ^ C{H,Xe^) is 
measurable in the sense that for all /i G -ff and x € X the mapping 
G{-,x)h : [0,r] -^ Xg^ is strongly measurable. Moreover, G is uniformly 
i^-Lipschitz continuous and uniformly of linear growth on X. 

That is to say, there exist constants Cq and Ci such that for all a G 
[0, i), all t G [0,T], and all simple functions 4>i, (j)2, 4> ■ [0,T] -^ X one 
has: 

\\s ^{t~ s)-"[G{s,Ms)) - G{s,MsmUio,t;H,Xs^) 

< Co||st-> (t-s)~"[0i -02]||L2(o,t;X)n7(O,i;X); 

\\S ^{t- S^Gis, 0(s))||T,(O,t;H,X.^) 

< Ci(l + ||sK> {t - sy"(t){s)\\L^o,t■,x)m{OAX))■ 
Th.e least constant Co such that the above holds is denoted by Lip (G), 
and the least constant Ci such that the above holds is denoted by M^{G). 

If I2 is a type 2 space and G : [0, T] x Yi — s> ^{H, Y2) is Lipschitz-continuous, 
uniformly in [0,T], then G is L^-Lipschitz continuous (see ^Ol Lemma 5.2]). More 
examples of i^-Lipschitz continuous operators can be found in |2Q) . 

2.2.3. Existence and uniqueness. We recall an existence and uniqueness result for 
the problem (jSDE| . This result is formulated in a space of continuous, 'weighted' 
stochastically integrable processes which is defined as follows: 
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Definition 2.7. For a>Q,l<p<oo and < a < b < oo, we denote by 
V^'''{[a, b] X i7; Y) the space of adapted, continuous processes $ : [a,b] x fl ^ Y for 
which the following norm is finite: 

ll*llK°-''([a,6]xO;y) = \\HLP{n:C{[a,b]-Y)) + SUp \\s ^ {t ~ s)""$(s) ||ip(o.^(a,t:r)) ■ 

a<t<6 

One easily checks that for a < c < d < &, 

(5) \\^\[c,d]\\v,°'-''{[a,b]xn-X) = \\^\lc,d]\\v,°''''{[cA]xn;X)- 

Moreover, for < /3 < a < 5 and $ G V^"^P{[a, b] x D,; X) one has: 

(6) ll*lly/-(M]xn;X) < (&-a)""''ll*llK°-(M]xa;X)- 

Note also that we have V^°''P{[0,T] x n;X) C LP{n;C{[0,T];X)). On the other 
hand, we have the following embedding (see [20i Lemma 3.3]): 

Lemma 2.8. Let X be a Banach space with type r. Then for all T > 0, e > and 
a G [0, 2) there exists a constant C such that for all Tq G [0,T] one has: 

(7) V,"^P{[0,To] X n;X) < CLP{n;Ci~^+mO,To];X)). 

If G : [0,T] X X -> C{H,Xeo) satisfies (G) and $i,$2 e K"'P([0,T] x Q; X) for 
some p > 2, then: 

sup lis ^{t^ s)-"[G(s,$i(s)) - G(s,$2(s))]|Up(n;7(0,t;X,^)) 

(8) °^'^^ 

<(l+r^-")Lip^(G)||$l-$2|k,"-([0.T]xn;X), 

and, for $ G K"'P([0,T] x Q; X): 

sup ||S h^ (t - Sy^Gis, $(s))||LP(n:7(0.t:X,„)) 

(9) °=S*^'^ 

<(l + r^-")M^(G)(l + ||<i>||v;"-([o,T]xa;X))- 

The following existence and uniqueness result for solutions to (jSDEp is presented 
in [201 Theorem 6.2]. 

Theorem 2.9 (Van Neerven, Veraar and Weis, 2008). Consider (|SDE[) under the 
assumptions (A), (F), and (G). Let xo G LP{fl,TQ;Xjj) for p G (2, 00) and ?/ > 
satisfying 

0<r,<min{|-i+ef, i-i + ^c}. 

r/ien /or any T > anrf ott.?/ a G [0, |) i/iere exisis a unique U G T4"'^([0, t] x il; X^) 
such that s t-^ S(t — s)G{s, U{s)) is stochastically integrable for all t G [0,T], and 
U satisfies: 

(10) U{t) = S{t)xo + [ S{t- s)F{s, [/(s)) ds+ [ S{t - s)G{s, U{s)) dWnis) 

Jo Jo 

almost surely for all t G [0,T]. Moreover: 

(11) l|C^llyc°'''([o,T]xf2;X^) ^ 1 + \\xo\\Lp(n-xA)- 

Remark 2.10. In [20] the authors assume Op <Q and 6'g < (and promptly refer to 
them as —Op and —9b)- However, one may check that the theorem remains valid 
for 9f,0g > 0, which leads to extra space regularity of the solution (i.e., greater 
values for 77 in pTjl ). 
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Moreover, in [20] the authors assume a > - — 9g, this assumption can be 
dropped: existence of a sohition in T4"'^([0,i] x il;X) for any a e [0, 5) fohows 
by equation (|6]). Uniqueness of a sohition for any a G [0, |) follows by observing 
that if $ G V;"'P([0,i] X n-X^) for some a e [0,i), and $ satisfies dTO]), then 
$ e ^/'^([O, t] X n; X^) for < ^ < a + i + 6Ig - ?/ (this follows by the proof of 
Proposition [27201) . 

2.3. 7-Boundedness. For vector-valued stochastic integrals, the concept of 7- 
boundedness plays the same role as uniform boundedness does for ordinary in- 
tegrals: the Kalton-Weis multiplier theorem (Proposition 12.131 below) allows one 
to estimate terms out of a stochastic integral, provided they are 7-bounded. Note 
that any 7-boundcd set of operators is automatically uniformly bounded, and the 
reverse holds if X is a Hilbert space. 

A family ^ C C{X, Y) is called •^-bounded if there exists a constant C such that 
for all A^ > 1, all xi , . . . , xn G X, and all i?i , . . . , Bn G ^ we have: 

N ., N ^ 



E y^ InBnXn 



<c^mY^-inx, 



X 



n— 1 n— 1 

The least admissible constant C is called the 7-bound of ^, notation: ^[x,y]{^)- 
The following lemma is a direct consequence of the Kahane contraction principle: 

Lemma 2.11. If S§ C C{X,Y) is "/-bounded and M > then M^ := {aB : a G 
[~M,M],B G ^} is "/-bounded with 7[x,y] (M^) < M"/[x.Y]{-^)- 

The following proposition, which is a variation of a result of Weis [Ml Proposition 
2.5], gives a sufficient condition for 7-boundedness. 

Proposition 2.12. Let f : [0, T] -^ C{X, Y) be a function such that for all x E X 
the function t i— > f{t)x is continuously differentiable. Suppose g G L^(0,r) is such 
that for allt G (0,r); 

\\j-J{t)x\\Y<gmx\\x. for all X ex. 

Then the set .^ :— {f{t) : t G (0,r)} is "/-bounded in ^{X,Y) and 

7[x,y](^)<||/(0+)|| + ||g|Ui(o,T). 

The following 7- multiplier result, due to Kalton and Weis [13] (see also [12]), 
establishes a relation between stochastic integrability and 7-boundedness. 

Proposition 2.13 (7-Multiplier theorem). Suppose X does not contain a closed 
subspace isomorphic to cq. Suppose M : (0,T) — > C{X,Y) is a strongly measurable 
function with "/-bounded range M = {M{t) : t G (0,T)}. //$ G "/{0,T,H]X) then 
M$ G 7(0, T,iJ;y) and: 

ll^*ll7(0,T,ff;y) < 1[X,Y]{M) \My(0,T,H;X)- 

Remark 2.14. The assumption that X should not contain a copy of Cq can be 
avoided, provided one replaces "/{0,T,H;X) by "/ociL^{0,T;H),X), the space of 
all 7-summing operators from L^{0,T;H) to X. We refer to [T7] for more details. 
In all applications in this paper, X is a umd space and therefore does not contain 
a copy of Co . 

Finally, we recall the following 7-boundedness estimate for analytic semigroups 
(see e.g. [5D1 Lemma 4.1]). 
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Lemma 2.15. Let X be a Banach space and let A be the generator of an analytic 
Co-semigroup S of type {uj,9,K) on X. Then for all < S < a and T > there 
exists a constant C depending on S only in terms ofu, 9, and K, such that for all 
t e (0,T] the set S^a,t = {s"S{s) : s G [0,t]} is ^-bounded in C{X^Xf-) and we 
have 

7[x,xf]{-y»^t) < Cf--' , ie(0,T]. 

Note that the constant C in the lemma above may depend on T. 

2.4. Estimates for (stochastic) convolutions. In this section we provide the 
estimates for (stochastic) convolutions necessary to derive the perturbation result 
given in Theorem 13.11 In order to avoid confusion further on, we shall use Yi and 
Y2 to denote umd Banach spaces in this section. 

The following lemma is proven in [6 . It is an adaptation of [20l Proposition 4.5]. 

Lemma 2.16. Let (R, TZ, fi) be a finite measure space and (S, S, u) a a-finite mea- 
sure space. Let $1 : [0,T] x D, -^ C{H,Yi), let $2 £ L^{R; C{Yi,Y2)), and let 
f G L°°{Rx [0,T];L^{S)). //$! is L^ -stochastically integrable for some p £ (l,c)o), 
then 

s^ / fir,u){s)<i>2ir)<^i{u)dfj,{r)dWHiu) 

Jo JR 

< ess sup \\f{r,u)\\L2(^s)\\'^2\\LHR,CiYi.Y2))\\'^l\\LP{n:jiO,T-H,Yi))' 
(r,u)eRy[0,T] 

with implied depending only on p, Yi, Y2, provided the right-hand side is finite. 

To our knowledge, most regularity results for stochastic convolutions are based 
on the factorization method introduced in [S] . The result below is merely based on 
the regularity of the convolving functions. 

Lemma 2.17. Let T > 0, p d [l,oo) and 77 > 0. Suppose the process $ £ 
i''(51; 7(0, T, iJ; Yi)) is adapted to {J-'t)t>o o.nd satisfies: 

sup \\s 1-^ {t- s)"''<I"(s)||iP(0;^(o,t,ff;yi)) < 00. 

0<t<T 

Let ^ : [0, T] — s> C{Yi, Y2) be such that ^x is continuously differentiate on (0, T) 
for all X €Yi. Suppose moreover there exists a g ^ L^{0,T) and < 9 < r] such 
that 



LP(0;7(S;y2)) 



t;^||f vl/(«)a;||y, + 9v''-'\\^{v)x\\y, < 9{v)\\x\\y,, for all x £ Y^. 
ution process 

t^ f ^{t-s)^{s)dWH{s) 
Jo 



I dv 

Then the stochastic convolution process 



is well-defined and 

'^{t-s)<^{s)dWH{s) 



C'I-»([0,T];LP(n;y2)) 

< 2C'p||g||Li(o,T) sup \\s^ {t- sy^^{s)\\Lp(Q_--,(0,t,H;Yi)), 
0<t<T 

where Cp is the constant in the Burkholder- Davis- Gundy inequality for the p^^ mo- 
ment, for the space Yi, see equation ^. 
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Before proving the Lemma, observe that the coroUary below follows directly frora 
Kolmogorov's continuity criterion (see Theorem 1.2.1 in Revuz and Yor). 

Corollary 2.18. Let the setting he as in Lemma \2.n\ and assume in addition that 
- < rj — 6. Let < P < t] — 9 . There exists a modification of the stochastic 

convolution process t i— > /„ 4'(t — s)^{s) dWnis), which we shall denote 6j/ ^ o $, 
such that: 

W^ o ^\\Lp(n-cf>{[a,T];Y2}) 

< C'||5||li(o,T) sup ||si-^ (^-s)"''$(s)||ip(o.^(o,t,//;yi)), 
0<t<T 



where C depends only on rj, /3 and p and Cp. 

Proof of Lemma \2. 1 7) By ProDOsition l2.12l and assumption it follows that {s^^(s) : 
s G [0,r]} is 7-bounded. Thus by the Kalton-Weis multiplier Theorem (see Propo- 
sition [5TT31) , and the fact that 

sup \\s t-^ {t- s)"''$(s)||LP(n;7(o,t,ff;yi)) < oo, 

0<t<T 

it follows that s i-> *(i- s)$(s)l,g[o,t] e LP{n;j{0,t,H;Y2)) for all t e [0,r]. By 
Theorem 12.61 this process is stochastically integrable. 

In what follows we let ^ denote the derivative with respect to the strong operator 
topology. By the triangle inequality we have: 



'9{t~u)<P{u)dWH{u)- / '9{s-u)<P{u)dWHiu) 



< 



[*(t -u)- ^(s - m)]$(u) dWniu) 



LP{n:Y2) 
LP(n;Y2) 



(12) 



■i'{t~u)<^{u)dWH{u) 



Lp{n-Y2) 



t—u 

j-^-^iv) dv^{u) dWH{u) 

'J S~U 

t pt — U 

(t-u)-' ■ " 

Jo 



Lp{n-Y2) 



-^[v'''^{v)]dv^{u)dWH{u) 



LP(n;Y2) 



We now wish to apply the stochastic Fubini theorem (see [3l, Lemma 2.7], [18]). Con- 
sider T : [0,s] X [0,t] -^ C{H,Y) defined by T{u,v) = l{s-u<v<t-u}:^^ivMu). 
As ^^ is strongly continuous and $ is iJ-strongly measurable, we have that T is 
_ff-strongly measurable. Moreover, as $ is adapted it follows that T^, := T(-,w) is 
adapted for almost all v £ [0,i]. Finally, we have that T £ i^(0,i;7(0,s, i?;F2)) 
by assumption: 

\\T{-,v)\\,^o,s.H-,Y2)<v'^~'g{v)\\u^{s-u)-^^u)\\,(^o,s.H-,n), 

where we use that v > s — u on supp(T). 

Note that stochastic Fubini theorem in [Sj Lemma 2.7], [18] requires T„ to be 
progressive. However, it suffices to assume that Ty is adapted, see [23]. Thus the 
conditions necessary to apply the stochastic Fubini theorem are satisfied, and we 
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have: 














(13) 

1 pS pt — U II 






/ / ^[^{vMu)]dvdWHiu) 

Jo J s-u 


LP(n;Y2) 






pt p(t~v)As 






^ 


/ / ^[^{vMu)]dWHiu)dv 
Jo J{s-v)yo 


Lp{n-Y2) 




/■* 


p{t — v)As 






Jo 


/ <l>{u)dWH{u) 

J{s-v}VO 


dv 

LP{n;Yi) 




^ 






< ( 


% 1 v^'a 


v)[{t~s)Avr u^{[{{t- 


v) A s) — u] 





dv 



<Cp{t-sy^ M g{v)dv sup \\u^{t~u) ''^{u)\\^,(^,Qt.Y^.y 

Jo te[0,T] y ' n , , ui 

For the final term in ()12p one may also check that the conditions of the stochastic 
Fubini hold and thus: 

(*-")"'/ ±[v'^{v)'^{u)]dvdWH{u) 

Jo LP{n-Y2) 

nt — S nt — V 

< / 9{v) / (t~uy'^^(u)dWH(u) dv 

Jo Js LP{n:Yi) 

nt-S 



<Cp giv)\\u^-^l[,^t^„]{u){t-u) "^iu)\\^^ 







LP(a;7(0,t,H;Fi)) 



dv 



<Cp(t~sY ^||5||l1(0,T) sup \\u^{t-u) ''*N|Lp(J^.^fo4.y^^• 

By inserting the two estimates above in p^ we obtain that 



'^{t-~u)^{u)dWH{u)- I '^{s~u)^{u)dWH{u) 



LP(n;Y2)) 



<2Cp{t-s)'^ ^||g||Li(0,T) sup \\u^{t-u) "*H|Lp(n.^(OfYi))' 

which completes the proof asO<s<t<r where chosen arbitrarily. 



D 



Remark 2.19. In the setting of the lemma above one may also take g G L'' (0,r) 
and $ such that 



ls^{t-s)-^^s)\\l 



LP(n;7(0,t;yi)) 



where q € [l,oo]; - + ^ = 1. In that case one obtains: 



dt < oo, 



t^ / '^(t~s)^{s)dWHis) 



< 



(3 + 2'')C'p||5L,'(o,T)( 



C^-o([0,T]:LP(n;Y2)) 
T 



\s^{t-s) "$(s)||L(O;7(0,t,if;n))'^^ 



We omit the proof because it requires significantly more space, and we do not need 
this result in what follows (for the extended proof, see [U Lemma A.9]). 
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Based on the above two lemmas, we obtain the foUowing result for stochastic 
convolutions in the T^^'P-norm: 

Proposition 2.20. Let the setting be as in Lemma \2.17\ and assume in addition 
that ^ <ri-e. Letae [0, i). Then * o $ e V^'P{[0, T] x fi; Y2). Moreover, there 
exists a constant C such that for all Tq G [0, T] we have: 

||*0$||y=,P([oj,]xf^y^) < C||g||Li(0,T) sup ||SK^ (i-s)"''$(s)||ip(n.^(o.t:Yl))• 
0<i<To 

Proof. For the norm estimate in LP{il; C([0, Tq]; Y2)) we apply Corollary 12 . 1 81 with 
/3 > such that 0</3 + d<7]— -. For the estimate in the weighted 7- norm fix 
t e [0,ro]. We apply Lemma [SH] with $i(u) = (t - u)-''$(u)lo<„<t, $2W = 
^[r«*(r)], R = [0,t] and f{r,u){s) = (t - s)-"(s - u)-<'{t - u)no<r<s-ulo<u<t- 
From Lemma r2.16l it follows that: 



s^{t-s)-" f ^{s~u)<^{u)dWH{u) 
Jo 



LP(O;7(0,t;l'2)) 



< t^+''-''-'\\9\\LHo,T)\\s ^{t- s)-^<i>{s)U,^nMo.t;n))- 



Taking the supremum over t e [0, Tq] and using that 77 — 6* > (whence T^ 
rp^+rj-a-S'^ we arrive at the desired result. 

For deterministic convolutions we have the following: 



i+ij — Q-6 



< 



Proposition 2.21. Suppose $ e LP{n; L°°{0,T;Yi)) for some p £ [l,oo). Let 
^ : [0,r] — > C{Yi,Y2) be such that ^x is continuously differentiable on (0,r) for 
all x G Yi Suppose moreover there exists a g ^ L^(0,r) and a ^ [0, 1] such that 
for all V G (0,T) we have: 

v'\\^^i>{v)x\\Y, + 9v''-'\\^{v)x\\y, < 9{v)\\x\\y,, for all x e Y^. 

Then there exists a constant C such that for all Tq G [0, T] we have, almost surely: 

ll***llci-<'([0,To];F2) ^ C'I|5||li(0,To)II*IIl~(0,To;Yi)- 

By Lemma BT51 with £ = | ^ -^T — 6, we obtain the following corollary: 

Corollary 2.22. Let the setting be as in Proposition \2.21\ Assume in addition 
that Y2 has type t, and let < 9 < § — -• Then for a G [0, ^) and p G [1, 00) there 
exists a constant C such that for Tq G [0,T] one has: 

||***|lK:°-''([0,To]xO;y2) ^ C'||5||Li(o,To)ll*l|LP(n:L~(0,To;Yi))- 

Proof of Proposition \2.21\ Observe that we have, for < s < t < Tq: 



^{t-u)^{u,LLi)du- I 'i'{s -u)^{u,uj)du 
Jo 

s pt—u 



Y2 



(14) 



< 



§-H'{v)^{u,uj)]dvdu 



+ 



•/ s—u 

t 



dv 



Y2 



{t-uY 



f[v'^^{v)<i>{u,uj)]dvdu 



dv 



Y2 
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Now 



£[^{v)^{u,uj)]dvdu 



J s — u 



Yi 



^{t — v)f\s 

'a J{s-v)vs 
<it-s)'-' [ giv)dv\muj)\\L^^o,t;Y,), 







{t-v)/\s 



where we used that f, / , du < (t — s) Av 



Furthermore, we have 



(t-u)- 



j^[v^^{v)]^{u,uj)dvdu 



dv 



Y2 



<{i-9)-\t-sr 



i{v)dvmw)\ 



Inserting these two estimates in ((T4| completes the proof. 



(0,T;Yi' 



a 



3. A PERTURBATION RESULT 

In this section we shall prove the perturbation theorem announced in the intro- 
duction. Consider (jSDEp with A, F and G satisfying (A), (F), and (G). Keeping 
in mind possible applications in approximations of solutions to stochastic partial 
differential equations, we let Xq be a (possibly finite-dimensional) closed subspace 
of X. We assume there exists a bounded projection Pq : X —^ Xq such that 
Po{X) = Xq. Let ixg represent the canonical embedding of Xq into X (note how- 
ever that we shall omit ixg when it is clear from the context). 

Let Aq be the generator of an analytic Co-semigroup 5*0 on Xq. For t >0 define 
So G C{X) by 5'o(i) := ixaSo(t)Po, this defines a degenerate Co-semigroup, i.e.. 
So satisfies the semigroup property but ^0(0) — ixgPo (which is clearly not the 
identity unless Ao = A). 

Let Xq e LP(n, J'o; A) (where p > 2 satisfies ^ < ^ -f 9g) and let U be the 
solution to (jSDE[) as provided by Theorem [ 



Theorem 3.1. Let cj > 0, 9 E {0,j) <md K > Q be such that A and Aq are both 
of type {u},9,K). Suppose there exist S £ [0, 1] and p G (2, 00) satisfying 

|3 _ 1 

1-2 r 



9f, \ 



-H^g} 



< (5 < mm 

such that for some Xq G p{A) we have: 

(15) DsiA,Ao) := ||i?(Ao : A) - ixM>^o ■ AQ)Po\\c(xt,,x) < ^■ 

Suppose Xq G LP{n.,TQ;Xf) and yo G LP{Q,J^q;X). 

For any a G [0, i) there exists a unique process U^'^' G V^"^^([0,ro] x 17; Ao) such 
that s t-^ l[o.t]5'o(^ — s)PqG{s,U^°^s)) is stochastically integrable for all t G [0,r] 
and for all t E [0, T] we have: 



U^°\t)^SQ{t-s)PQyQ+ / So{t~s)PQF{s,U^°\s))ds 
(16) Z 

Soit - s)PoGis, t/(°)(s)) dWnis), a.s. 
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Moreover: 



\U - «XoC^ llv°-p([o,T]xa;X) 



(18) 


sup t'-^e-^'' 

t6[0,oo) 


and 




(19) 


sup i^-^+ie-"'*|| 



(17) 

^ lla^o -?/o||Lp(n;X) +£'5(A,Ao)(l + \\xq\\lp(^.x^))- 

The implied constant depends on Xq only in terms of ||.Po||£(x.Xo); ''^ ^ '^^'^ ^o 
only in terms of 1 + Ds{A, Aq), uj, 9 and K , and on F and G only in terms of their 
Lipschitz and linear growth constants Lip{F), Lip (G), M{F) and M-y{G). 

To prove Theorem 13.11 we need a proposition concerning the 7-boundedness of 
5 — 5*0. The proof of this proposition is postponed to the end of this section. 

Proposition 3.2. Let A, Aq be as introduced above, i.e., A generates an analytic 
semigroup on X and Aq generates an analytic semigroup on Xq. Let uj > 0,0 G 
(0, ■^) and K > be such that A and Aq are of type {uj, 9, K). Suppose there exists 
a Ao e C, ^e(Ao) > uj, and ^ e E such that Ds{A,Aq) < cxo, where Ds{A,Ao) is 
as defined in ()15p . Set 

uj' ^ UJ + \\o ~ w|(cos6')~"'". 
Then for a/? /3 G R such that l3 E [6 — 1,6] one has: 

\\S{t)-So{t)\\c^x-,x)<DsiA,Ao), 

ItSit) - iSoimax-x) < DsiA,Ao), 

te[o,oo) '^ 

with implied constants depending only on ||^o||£(x,Xo); ^^ ^; -^7 5 — j3. 
Moreover, for all a > 5 — (3 we have, for t £ [0, T] .• 

l[xf.x] ({s"[5(s) - 5o(s)]; < s < t}) < t^+^-'Ds{A,AQ), 

with implied constant depending only on \\Po\\c(x.Xo)j '^, 9, K , S — j3, and T . 

Proof of Theorem \S.l\ We split the proof into several parts. 

Part 1. In order to prove existence and uniqueness of U'^'^^ £ V^''p{[Q, Tq] x fl; Xq) 
satisfying (fT6|) it suffices, by Theorem 12.91 to prove that there exist f7_F > — | + 7 
and rja > —\ + - such that PqF : [0,T] x X — > ^a^p is Lipschitz continuous and 
of linear growth and P^G : [0,T] x X — > ^{H,Xq° ) is L?,-Lipschitz continuous 
and of linear growth, li Op > then clearly we may take rjp = 0, and we have 
Lip(Poi^) < \\Po\\c{x,Xo)^ip{F), MiPoF) < \\Po\\c{x.Xo)M{F). The same goes for 
9g>0- 

Now suppose Op < 0. Recall the following representation of negative fractional 
powers of an operator A generating an analytic semigroup 5 of type {uj, 0, K) (see 
[m Chapter 2.6]): 

1 1"°° 
{XI - A)" = — ^ / t-'^-^e~^'S{t)dt, 7/ < 0, ^e(A) > uj. 



n-v) Jo 

Let UJ > uj' , where uj' is as in Proposition 13.21 From the representation above and 
Proposition 13 . 21 it follows that ioi P € \5 — \ , S\, rj < ji — 5 and x € X we have: 



\Pqx\\^a, ^ \\{{ujI-AqYPqx\\x = -pT^ / t-^-^e-^'~SQ{t)xdt 



0,>7 



r(-^) Jo 



X 
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< 



1 



r(-^) Jo 
1 



r(-^) 



t-^-^e-^'\\{S{t) ^ So{t))x\\xdt 



X 



<Ds{A,Ao) / t-^-^+^-'e-^^-^'^'dt\\x\\xA + \\{LoI~Arx\\x, 



VF 



with implied constants depending on Xq only in terms of ||-Po||£(x,Xo) and on A 
and ^0 only in terms of uj, 9, and K. Thus for /? G [5 — 1, 5], rj < (3 — S we have: 

||Po2:|L^o ^\\iuI-AoyPox\\x 
(20) 

<il + DsiA,Aom{LoI-Arx\\x^il + DsiA.Ao))Mx-, 

with implied constants depending on Xq only in terms of ||i^o||£(x,Xo) ^^^ ^^ ^ 
and Aq only in terms of w, 0, and K. 

Note that by assumption we have Op > ~§ + 7+<5 > (5 — 1. Hence one can pick rjp 
such that -| + i < 77i. < 6If - (5. By (HOI) it follows that PqF : [0, T] x X ^ Xq°^ 
is Lipschitz continuous and 

(21) Lip(Poi^) < (1 + D{A, ^o))Lip(P); M{PqF) < (1 + D{A, Aq))M{F), 

with implied constant depending on Xq only in terms of ||Po||£(x,Xo) ^^^ "^ ^ ^i^'^ 
Aq only in terms of w, 0, and K . 

Similarly, ii 9g < there exists a rye such that — ^ + - < Vg < Og ^ 5 such that 

PqG : [0,T] X X -> 7(iJ, X^°^) is L^-Lipschitz continuous and 

(22) Lip^(PoG)<(l + i?(A,Ao))Lip^(G); Af^(PoG) < (1 + i?(A, Ao))M^(G), 

with implied constant depending on Xq only in terms of ||Po||£(x,Xo) £^^d ^^ A and 
Aq only in terms of w, ^, and K. 

,t/(°) and observe that if C/(") satisfies (Ull), then t/(°) 



Part 2. Define C/(°) = ix, 
satisfies: 

U^''\t)^SQ{t-s)yQ+ I So{t-s)F{s,U^°\s))ds 

SQ{t~s)G{s,U'^°Hs))dWH{s), a.s. 

Let To G [0, T] be fixed. By the above we have: 
(23) 

\\U - t^^°'||y°.''([o,To]xa;Jf) 

< IKS'- <5'o)a;o||y_^=,p([oj.g]xn;X) + ll'S'o(a;o - ?yo)||\/°-p([o,To]xn;X) 



t^ / Soit - s)[Fis,Uis)) - Fis,m'>\s))]ds 



t^ / [S'(t-s)-S'o(t-s)]P(s,C/(s))rfs 

t^ / 5'o(i-s)[G(s,t/(.s))-G(s,t/W(s))]dW^,f(s) 
Jo 

t^ f [Sit - s) - Soit - s)]G{s,Uis)) dWHis) 
Jo 



V^°'-''{[0,To]xn-X) 
y°'''([0,To]xO;X) 

yc°'''([0,To]xn;X) 
V'e"'''([0,To]xO;X)' 
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Let rjF and ija be as defined in part 1. Let e > be such that 
e<l-2a; 
e < min{| ~\+Vf,\-^+ Vg}- 

It fohows that e + S < min{| ~ ^ + 9p,^ — ^ + 6g}- By equation ^ we may 
assume, without loss of generality, that a = ^ — e/2. 

We will estimate each of the six terms on the right-hand side of (P5)) in parts 
2a-2f below. In part 2c and 2e we keep track of the dependence on Tq, for the other 
parts this is not necessary. 



Part 2a. By Proposition 13.21 with (3 ^ S there exists an A^ > depending on Xq 
only in terms of ||^o||£(x,Xo); ^^^ "^ ^ ^^^ ^o only in terms om w, 9 and K, such 
that 

sup \\S{t)-So{t)\\c(xf.x) <MDs{A,Ao); 

l[xf,x]{t'^\S{t) - So{t)) : t e [0,To]} < MDsiAAo). 
Thus by Proposition 12.131 we have 

\\{S - So)xo\\v°-p ([a,To]xfi;X) 

< MDsiA,Ao)[ sup \\s ^{t- sy^s-'/^xohp^n-Mo^t^xf)) + \\xo\\Lp(n;Xf)]- 
te[Q,T„] 

For / e L^{0, t) and x G iP(0; Xf) we have 

ll/'^a;||iP(o.^(o^t.x|i)) = \\f\\L^o,t)\\x\\LP{n■,xf)■ 

Thus, recalling that a ~ ^ — e/2, we have: 

sup \\s h^ (t - s)""s"^/\o||Lp(n;7(o,t;X,^)) 

tG[0,To] 

< ||s ^ (1 - s)-°'s-^^^\\L2^o^-i^)\\xQ\\Lp(^n.xA-^ < Ce\\xo\\LP(^n;Xf): 

where C^ is a constant depending only on e, and we used that a — -^ ~ e/2. Hence 

(24) US - So)xo\\v^--''([o,To]xn-x) < MDsiA,Ao)il + C,)\\xo\\L,(n-xf)- 

Part 2b. By assumption (see Remark 12. 4p there exists an 7W depending only on 

\\Po\\c{x,Xo), ^:^) and K and T such that we have that sup^gjo j.] \\Soit)\\c{x,Xo) < 
A4. Moreover, by Lemma [2. 151 we may pick Ai such that in addition we have that 
l[x,x]{t^^'^Soit) : t S [0,To]} < M. Thus by the same argument as in part 2a we 
have: 

(25) ||5'o(a;o - yo)||y°'''([o,To]xO;X) < -^(1 + Ce)\\xQ - yo\\Lp{n;X)- 

Part 2c. Recall that rjp < 0. By equation ^ there exists an A^ depending only 
on oj, 9, K and T such that for all t E [0, T] we have: 

t''''^'\\iMt)x\\^^^.„^^^.^ + {e- 77^ )t-''-+^-i|15o(O^IU(x-o^,x) 

= t-^^+^ll A5o(i)^||^^^^,„^^^^^^ + (e - ^^)t-''-+-i5„(i)x||^(^.„^_^^) 



<Mt 



-l+e 
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By Corollary [222] with Yi = X„°^, Y2^X, 

^s) = Po[F{s,U{s)) ~ F{s,m°\s))], 
vl/(s) = 5o(s), 9 ^ -rjF + e and g{v) = Mv^^+^ , it follows that: 



t^ 



So{t - s)[F{s, U{s)) - F(s, ;/("' (s))] ds 



(26) 



^"'^([CTolxO;^) 

< roaip(Poi^)||f/ - ?7(°)||LP(a;L~(0,To;X)) 

< TJ(1 + Ds{A, Ao))UpiF)\\U - C/(°)||lp(0;L-(o,To;X)), 



where the second-last estimate follows by Lipschitz-continuity of PqF and the final 
estimate follows by (|2T|) . Note that the implied constants are independent of Tg, 
and depend on Xq only in terms of ||-Po||£(x.Xo) ^^'^ on Aq only in terms of uj, 9 
and K. 

Part 2d. By Proposition 13 . 21 with /3 = dp AS E [S —1,5] we have that there exists a 
constant M depending only on ||i^o||£(x.Xo)i ^, S, K, {S — 9p) V and T such that 
for all t e [0, T] we have: 






Thus by Corollary [222] with Yj == X^^^^, ^2 == X, $(s) = F(s,C/(s)), *(s) 
S{s) - So{s), 9 = {S - 9f)+ + e, g{v) = TUZJ^IA, Ao)v-^+^ we obtain: 



ti-^ 



[Sit - s) - 5o(i - s)]Fis, U{s)) ds 



V"-''{[0,To]xn;X) 



(27) 



< 



Ds{A,Ao)\\F{-,U)\\LPin-L^(^0,To;X^ ,,)) 



<DsiA,Ao)M{F)\\U\\LP(^n:L^^o.To:X)) 
< Ds{A,Ao)M{F){l + \\xo\\L.in-x)), 



where the penultimate estimate follows by the linear growth condition on F and 
the final estimate by (jTl]) . Note that the implied constants are independent of To, 
and depend on Xq only in terms of ||Po||£(x,Xo): s-nd on A and Aq only in terms of 
ut, 9 and K. 

Part 2e. Recall that rjc < 0. By equation ([3]) there exists an A^ depending only 
on oj, 9, K and T such that for all t E [0, T] wc have: 



t-''-+^/^|ll50(i)IL(X,-_^^.Xo) + (^/2-^G)t-''-+^/^-^||^0(i)IU(X„^_^^.Xo) 



By applying Proposition [120] with Yi = X^°^, Yi = X, *(s) = 50(3), 77 = a, 
a = a, = — 77G + e/2 and .g(w) = A^w^i+'^/^ and 

<i>(5)=Po[G(s,C/(s))-G(5,c7(°)(s))] 
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we obtain: 

(28) 

t^ [ So{t - s)[G{s,U{s)) - G{s,U^''\s))]dWH{s) 



v^°'-''{[o,T„]xn;X) 
<Ti' sup \\s^{t-sr'^Po[G{.3,U{.s))~Gis,m°\sm\L.rnMot-x-- )) 

0<t<Ta ^ ' i\ ' ' o,vg" 

where the final estimate follows from estimates ([8]) and ([22]) . Note that the implied 
constants are independent of Tq, and depend on Xq only in terms of ||-Po||£(jf,Xo): 
and on A and Aq only in terms of w, and K. 

Part 2f. By Proposition 13 . 21 with (3 — 9g /\S £ [6 ~1,S] we have that there exists a 
constant Ai depending only on ||-Po||£(x,Js:o)' '-^' ^' ^- (^ ^ ^g) V and T such that 
for aU t e [0, r] we have: 

+ as OgV + £/2)t(^-^-)"+-/2-i||5(t) - Somcix-^,„x) 

<MDsiA,Ao)t-^+^/^. 

Thus by Proposition ESQ] with Fi = X^aS' ^2 = ^, $(s) = G(s,[/(s)), *(.s) = 
S'(s) - S-ols), ?7 = a, a = a, 6* == ((5 - 60)+ + e/2 and g(w) = ^^^^(A, Ao)w-i+"/2 
we obtain: 

t^ f [S{t~s)~So{t-s)]Gis,Uis))dWH{s) ,^„^^^ ^, ^^^ 
(r>n\ <DsiA,Ao) sup ||s ^^ (t - s)""G(s, C/(s))||ip(j^ (g ^^a )) 

[Zy) o<t<T„ ea^s" 

<DsiA,Ao)M^{G)\\U\\y^^^.^[o.To]xn;X) 

< DsiA, Ao)M^{G){l + \\xo\\LPin,x)), 
where the penultimate line follows by estimate © . Note that the implied constants 
are independent of Tq, and depend on Xq only in terms of ||-Po||£(x,Xo) ^-^id on A 
and Aq only in terms oi uj, 9 and K. 

Part 2g. Inserting ([M|) - (P9|) in (1^51) we obtain that there exists a constant G > 
independent of a;o a-nd y^, depending on Xq only in terms of l|.Po||£(x.Xo): 01^ ^ 
and Aq only in terms of 1 + Ds{A, Aq), ui, 9 and K , and on F and G only in terms 
of their Lipschitz and linear growth constants Lip(i^), Lip (G), M{F) and AI~^{G), 
such that for all Tq e [0, T] one has: 

\\U - t/*°^||y^°.P([o,To]xO;X) 

<GTo^^||C/-C/(")||y»,.([o,T„]xn;X) 

Setting To = [2C]^^/^ we obtain: 

(30) . X 

< 2G(^||a:o -yo\\Lp{n;X) +Ds{A,Aq){1 + \\xo\\LP(^^.xf)) J ■ 
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Part 3. Let io > 0, z G iP(rj, J"t„; X), T > and a £ [0, i). By U{z,tQ,-), we 
denote the (unique) process in V"'P{[to,to + T] x ft; X) satisfying, for s G [to, to + T]: 

U{z, to, s) = S{t - to)z + I S{t~tQ~ s)F{U{z, to, s)) ds 

+ I S{t-to-s)G{U{z,to,s))dWH{s) a.s. 

The process U'-^\z,to,-) is defined analogousfy. 

From the proof of ([5(11) it follows that for any x G U'(yi,Tto;Xf) and y G 
LP{n,Fta;X) we have: 

\\U{x,to,-) -U'^°\y,to,-)\\v,^-p([to.to+To]y.n,x) 

(31) / \ 
< 2C[\\x - y|Up(0;X) + Ds{A, Ao)[l + Wx^.^n-xf)]) , 

with C as in pi)) . 

Part 4. Throughout this section one may check that the implied constants always 

depend Xq only in terms of ||-Po||£(Js:,Xo), on A and Aq only in terms of 1+1)5(^,^0)1 
w, 9 and K, and on F and G only in terms of their Lipschitz and linear growth 
constants Lip(F), Lip (G), M{F) and Mj{G), even when this is not mentioned 
explicitly. 

By uniqueness of the solution to (|SDEp it follows that for any < Sq < io ^ ^ 
and any x,y € i^(n, T^g ; X) one has: 

Uix,So,t) = U{U{x,so,to),to,t) and {/("^(y, sq, t) - U("^U^"\y,so,to),to,t). 

Let j G N. By the embedding V^°''P{[0,To] x Q; X) ^ L°°{0,To; LP{n; X)) and 
estimate ^ with x = t/(a;o, 0, (j - l)ro) and y = C/(°Hyo, 0, (j - l)ro), we obtain: 

\\Uixo,0,jTo) - U'^''\yo,0,jTo)\\LPin;X) 

= \u(u{xo,0, {j - l)To), (j - l)ro, To) 

(32) - [/(") (t/(") (2/0, 0, (j - l)ro) , {j - l)To, To) 

<|lC/(xo,0,(j-l)To)-t/(o)(yo,0,(i-l)To)|Up(n;X) 
+ Ds{A, Ao) [1 + \\U{xo,Q, U ~ l)To) ||LP(n;X,f )] , 

with implied constant independent of j and n and the 'initial values' U{xo, 0, {j 
l)To) and U'-"\yo,0,{j - l)nTo). 
By equation (fTTj) it follows that: 

sup \\U{xo,0,jTo)\\LP(n;Xi^) < sup \\U{xo,0,s)\\lp^<;i.x^) 

(33) i<i<LT/ToJ se[o,T] 

^ 1 + II^^O II LP (0;X;f)- 



LJ'(r2;X) 



Thus for j = 1, . . . , \T/To~\ we obtain the following relation from 

\\Uixo,0,jTo) - t/(°)(yo,0, jro)|Up(0;X) 

< \\U{xo,0, {j - l)To) - ;7(°)(yo,0, (j - 1)To)|Up(0;X) 

+ i^A-(A,Ao)(l + ||.To|Up(fl;X„A)). 
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Note that To depends on Xq only in terms of ||i^o||£(x,Xo)j *^^^ ^ ^^^'^ ^o only in 
terms of 1 + Ds{A,Aq), uj, 9 and K, and on F and G only in terms of Lip(F), 
Lip.^(G'), M(F), and My{G). By induction we obtain, for j = 1, . . . , [T/To]: 

||C/(a;o,jTo) - f/(°Hyo, jTo)|Up(0;X) 
(34) 

^ l|a;o -yo||Lp(0;A') +£'5(A,Ao)(l + \\xo\\LP(n;X^))- 

FixjeN, i< [T/To]. Set 

x = t/(xo,0,0--l)To) and y = U^°Hyo,0,ij - l)To) 

in dni) to obtain, using §^ and (IM| : 

||C/(C/(a;o,0,0--l)To),(j-l)To,-) 

- C/("'(^<°nyo, (J - 1)T„), (, - l)ro, •)llK-^([0-i)T„,,To]xn.x) 

< \\u{xo, 0, (j - i)ro) - c/(")(2/o, 0, (j - i)ro)|Up(n;x) 

+ i?,(A,Ao)(l + ||C/(a;o,0,(i-l)To)|Lp(0;x,^)) 
^ lla^o -yo\\Lp(n;X) +Ds{A,Ao){l + \\xo\\Lp^n;X^)), 

with implied constants independent of j. 
Due to inequality ([5]) we thus obtain: 

||C/(xo,0,-)-t/W(yo,0,-)l|y.=-([o,T]xf2;X) 

[T/Tol 

^1 E (c^[C^(a;o,0,a-l)To),(.?-l)To,-] 

< ^ |c/[;7(a;o,0,(j-l)ro),0--l)To,-] 
i=i 

-f/(o)[C/(o)(yo,0,0--l)To),(j-l)ro, 

^ l|2;o -yo\\Lp{n;X) +Ds{A,Ao){l + \\xo\\LP{n;X^))- 

D 



K°-''([(j-l)TojTo]xn;X) 



It remains to provide a proof for Proposition 13.21 For that purpose, we first 
prove the following lemma. Given the lemma, the proof of Proposition l3.2l basicallv 
follows the lines of known proofs concerning comparison of semigroups, see |10[ 
Chapter III.3.b]. For notational simplicity we define the pseudo-resolvent 

(35) i?(A : An) := ixM^ ■ ^o)^o, A e w + S^+e 

(we leave it to the reader to verify the resolvent identity). 
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Lemma 3.3. Let the setting he as in Proposition lS.^ Then for all A £ w' + Szi+e 
we have: 

\\R{X:A)-R{X:Ao)\\cixlx) 

< C^,e,K,Po\X - c.|*-^-i||i?(Ao : A) - R{Xo : io)||£(x-_,,x), 

where Cu,9ji,Pa is ci constant depending only on Ll!,9,K and \\Po\\c{x.Xo)- 

Proof. Using only the resolvent identity and the definition of R{X : Aq) (see ([55)) ) 

one may verify that the following identity holds: 

(36) 

R{X : A) ~ R{X : Aq) 

= [!+ (Ao - A)i?(A : Ao)][R{Xo : A) - R{Xo : io)](Ao - A)R{X : A). 
Moreover, one may check that: 

u' + S^+e (l{uj + S^+e) fl {^ e C : |A - c^l > |Ao - c<.|}. 
Therefore one has, for A e w' + SiL+g, 

11/ + (Ao - A)i?^(A : Ao)\\cix) < 1 + ^-j^K\\Po\\cix.Xo) < 1 + 2K\\Po\\cix,Xo)- 

From (pS)) one obtains: 
(37) 

||i?(A : A) - R{X : Ao)\\^^xlx) < (1 + m\Po\\c(x.Xo)) 

X ||i?(Ao : A) - R{Xo : Ao)\\cixt^.x)\\i^o - A)RiX : A)\\c^x-,xt,y 

Let A £ C, 3f?e(A) > w be such that |A — Ao| < 2|A — lu\ (if 5fte(Ao) > uj one may 
simply pick A = Aq). For 77 e K and x e X^ set ||a;o||x-* := ll(A - A^xWx- Then: 

||(Ao - A)R{X : A)||^(;,.,^._^) = ||(A - A)'-^-\Xo - A)R{X : A)\\cix) 

<{l + i^K)\\CX-A)'-^RiX:A)\\cix) 

<il + 2K)\\CX-A)'-^R{X:A)\\c^x)- 
If (5 - /? = 1 then: 

||(A - Af-^RiX : A)\\cix) - li(A - A)i?(A : A)\\cix) <l + 2K. 
If ,5 - /3 = then: 

||(A - Af-^RiX : A)\\c^x) - l|i?(A : A)\\c^x) < K\X - u,\-\ 
For 5 - /3 e (0, 1) we have, by Theorem [231 

||(A - A)^-^i?(A : A)IU(^) < 2(1 + i^)||i?(A : A)f^^^-'\\{X - A)i?(A : A)||^j^) 

< 2(1 + ii:)(i + iKf-^K^"^'^-^\x - i^f-^-^ 

<2{\ + 2Kf\X-uj\^->^-^. 
Substituting this into p7p one obtains: 

||i?(A:A)-i?(A:io)||£(x-,x) 

< 2(1 + 2ir)4l|Poll£(x,Xo)|A - c.r'-'3-il|i?(Ao : A) - R{X^ : io)L(x-_„x)- 

D 
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Proof of Proposition \3.2[ Let lo' be as defined in Lemma 13.31 For brevity set e 
6 — (3. First of all observe that 

lims^\[S{s)~So{s)]\\cixi.x)^0- 

Fix e' e (0, 9). It follows from [HI Theorem 1.7.7], that one has, for aU t > 0: 



where Tgi is the path composed from the two rays re*^^+^ ^ and re~''^^+^ \ < r < 
c», and is oriented such that 3r7i(A) increases along Tgi. As oj' > w, the integral is 
well-defined as £(X)-valued Bochner integral, and for t > one has: 



is{t) = ^ 



dt 



2iri 



Ae^*i?(A : A)d\] 



the integral again being well-defined as £(X)-valued Bochner integrals (see also the 
proof of [21] Theorem 2.5.2]). Analogous identities hold for 5*0 and i?(A : ^o)- 

First let us assume that e S (0, 1). Below we shall apply Lemma 1331 observing 
that for r G [0, oo) we have 

|^' + ^e±'(f+e')_^| >Kgr, 

where Kg is a constant depending only on 9. Note that we use the coordinate 
transform A = a;' + re^*^5+^ ). For s > we have: 



||5(,s) - ~So{s)\\c(xfX) = 2^ / e^'[^(^ ^ ^) ^ ^(^ ^ ^o)]dA 



£(X^,X) 



< 



|g-i(f+e') + (w'+re-''t+'''')s| 



1 

27r 



I i(f+e') + (u;'+re'<f+'''')s| 



X \\R{uj' + re*(f +»') : A) - R{uj' + re'(t+»') : Ao)\\^^^^^^^ dr 



nOQ 

<iC^,e.K.PoKeDs{A,Ao)e'^'' r 

Jo 

= lC^,e,K,PoKeDs{A,AQ)[ssm9']-~'e 



e — l—rs sin 6' 



dr 







-,— e^o; s 



= n£)[sin0']-'a,e,K,Po^5(^,^o)s-^e'' . 

For e = one may avoid the singularity in in the usual way: for s > given 
we integrate over 

u;' + r,,, = (c' + t',]^) u (c' + r(?j u iu;' + r(?;j, 

where fL and fL are the rays re'*-^"^^ ■* and re~*'-'5+^ \ s^-'^ < r < oo, and 






(3) _ ^-l^t4> 



e [-f - 6*', I + 6*']. This leads to the following estimate: 



||S'(s)-S'o(s)||£(xA,x) 



2h I e^^[RiX:A)-R{X:Ao)]dX 

U'+Fg. 



C(X^,X) 
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re ar -\- e 



<C^,e,K^PoKeDs{A,Ao)e'^ 

< C^,g,K,PoKeDs{A, Ao)[[7Tsmd']-^e- ''"''' +e]e^''' 

<2[smeT'C^,0,K,PoKeDs{A,Ao)e'^''. 

Recalling that e — 5 — (3 this proves the uniform boundedness estimate of ([18 
Similarly to the above, for e G [0, 1] and s > we have: 



\\4-sS{s)-£So{s)\\c^xi.x) 



1 

2-iTi 



Xe^'iRiX : A) - R{X : Ao)]dX 



'+£»' 



CiXi^^X) 



< ^e"'" / re-'''"''"^'||i?(re-*(-5+«') : A) - R{re-'^^+'^"^ : io)L,vA ^.dr 



ZTT 



Q II \\L.(Ji.p ,A) 



= j;C^,e,K,PoKeDs{A, Ao)[s sine']-'-' e'^' / 

Jo 



er(e) , 



1 — £ ^Uj' S 



'C^,e,K,PoKeDs{A,Ao)s-'-'e 



Recalling that e = S — (3 this proves the uniform boundedness estimate of P^ . 

Concerning the 7-boundedness estimates, fix a > e. By Proposition 12.121 one 
has: 

llx-x]({s"[Sis)~Sois)]:se[0,t]}) < f || ^(^"[^(s) - ^o(s)]) |L... ^. ds 



\C(X^,X)' 



< / as"-lS'(s)-S'o(s) 



Z{X^,X) 



ds 



+ -''\\TsSis)~iAmc,xi,x) 



ds. 



Substituting (|18p and ((19)) into the above one obtains that there exists a constant 
C depending only onuj,9,K,e — 6 — (3, and ||A)||£(x.Ji:o) ^^c\\ that: 

l[xf,x] ({s"[^(s) - 5o(s)] : s e [0,t]}) < CDs{A,Ao)J e^'''s"-^-'e"Us 

as a > e. D 

Corollary 3.4. Let the setting be as in Theorem ] 3. 1[ Let X G [0, i) satisfy 

< A < min{l - ((5 - 6If) V 0, i - i - ((5 - 6Ig) V 0}. 
Suppose xq G iP(J7, Jx); X/) and yo G i^(^,-7i]; X), t/ien; 

||C/ - Sxo - iXoiU^"^ - '5'o^02/o)||LP(f2;C^([0,T];X)) 

^ lia^o -yo||Lp(t2,x) +£'5(^,^o)(l + \\x()\\Lp{n;Xf)), 

with implied constant depending on Xq only in terms of \\F'a\\c(X,Xo)j "^^ ^ ^'^'^ ^0 
only in terms of 1 + Ds{A, Aq), uj, 9 and K , and on F and G only in terms of their 
Lipschitz and linear growth constants Lip(F), Lip (G), M{F), and M^{G). 



PERTURBATIONS OF SDES IN UMD BANACH SPACES. 



25 



Proof. As before, we write: 
(38) 
\\U - Sxq - ixo{U^°^ ~ 5'oPo2/o)||Lp(n;C^([o,T];X)) 

t^ f So{t ~ s)[F{s,U{s)) - F{s,U^°\s))]ds 







LP{n;C^i[0,T]-X)) 



t^ / [S{t^s)-So{t-s)]F{s,U{s))ds 
Jq 

iH- / 
Jo 

t ^ [ [S{t - s) - So{t - s)]G{s, U{s)) dWnis) 
Jo 



LP{n;C^{[0,T];X)) 

Soit - s)[G{s, U{s)) - G(s, f7(°ns))] dWni 



LP(n:C^([0,T];X)) 



LP(n;C^([0,T]:X)) 



For the first and second term on tlie right-hand side of (j38p we apply Proposition 
I2.2fl Note that as before we may pick r]p,ric < such that r]F < Op ~ 5 and 
Vg < 0G — S and 

A < min{l + Vf,^- ^ + Vg}- 

Our choice of Yi, I2, ^, ^ is the same as in part 2c, respectively 2d, of the proof 
of Theorem 13. 1[ whereas we set 9 ^ 1 — A. This leads to the following estimates: 



t^ I So{t - s)[F{s,U{s)) - F{s,U'^"\s))]ds 



LP{n:C>'{lO,T]-X)) 



< 



\\U - U^"\s)hpin;L^io,T;X)) <\\U- U^'\s)\\v^^:P 



{[o,T]xn-x)7 



and 



LP(n;G^{[0,T]-X)) 



t^ / [Sit~s)-So{t-s)]F{s,U{s))ds 
Jo 

<Ds{A,Ao)\\U\\LPin-L^(o.T-x)) < D5{A,Aq){1 + \\xQ\\LPin,x))- 

For the third and fourth term on the right-hand side of psp we apply Corollary 
(I^TTSl) with f3 = X and a G (0, i) such that a> X+ ^ +rio- The choice of Yi, Y2, 
$ and ^ is as in parts 2e and 2f of the proof of Theorem 13. II This leads to: 

ft 
t^ I Sa{t - s)[G{s,U{s)) - G{s,U^°\s))]dWH{i 



LP{n;C^i[0,T]-X)) 



< 



||C/-C7(°)(s)||v;-P([o,T]xa;Jf), 



and 



t^ / [S{t-s)-So{t-s)]G{s,U{s))dWH{s) 



LP{n;C^{[O.T]:X)) 



< 



Ds{A,Ao)\\U\\v^^:P(^[o,T]xn:X)<DsiAAo){l + \\xo\\Lp(n,x))- 



Combining these estimates with Theorem 13.11 gives the desired result. It goes 
without saying that all the implied constants above depend on Xq only in terms 
of ||-Po||£(x,Xo)i on A and Aq only in terms of 1 -f Ds{A,Ao), uj, and K, and 
on F and G only in terms of their Lipschitz and linear growth constants Lip(_F), 
Lip (G), M{F), and M^{G). D 
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4. YOSIDA APPROXIMATIONS 

Consider (jSDE|) under the assumptions (A), (F), and (G) with the additional 
assumption that Op,dG > 0. We define An '■— nAR{n : A) to be the n*^ Yosida 
approximation of A. Let U to denote the solution to (ISDE[) with operator A and 
initial data xq £ U'{^,Tq\X) and, for n e N, let [/'"' to denote the solution to 
(jSDE[) with operator A„ instead of A and initial data j/o G LP{VI, Tq; X). 

Theorem 4.1. For any -q G [0, 1] and p £ (2, oo) such that 

77<min{|-i+6lF,i-i + 6'G} 
and any a S [0, 2) we have, assuming j/q G L''{i^,J-'o;X^): 

\\U - C/^"''||k°'P([o,t]xO;X) S \\xo -ya\\Lp{n;X) +n"''(l + ||2/o||lp(0;X^)), 

with implied constants independent of n, xq and yo. 

The following corollary is a direct consequence of the Borel-Cantelli lemma and 
the above theorem (see Corollary [14, Lemma 2.1]): 

Corollary 4.2. Let r/ > and p G (2, cxo) he such that 

77 + i<min{|-i + 0p,i-i+0G,l} 

and assume yo = xo G LP{il,,TQ;X^). Then there exists a random variable x G 
L'^{Vl) such that for all n G N; 

r-C^^"1c([o,T];«)<X«-''. 

To prove Theorem 14.11 we shall need the following lemma: 

Lemma 4.3. Let (3 G [0,1]. Then there exists a constant K' such that for all 
n > 2uj and all x G X^ one has: 

\\{2ujL^Anfx\\ <K'\\{2ujL-Afx\\. 
Proof. Observe that 

(39) 2a;/ - A„ = [{n + 2uj)I - Auj'^R{2uj : A)]{2u}L - A)R{n : A). 
Thus for X G D{A) and n>2uj we have: 

||(2a;/-A„)a;|| < \\[{n + 2lj)L ~ Auj^R{2lo : A)]R{n : A)\\c(x)\\{'i^I ~ A)x\\ 

< [K^^ + K'^]\\{2c.I - A)x\\ < AK{1 + K)\\{2ujL - A)x\\. 

This proves the lemma for /3 = 1. For j3 = the lemma is trivial. For j3 G (0, 1) we 
need two extra observations. 

First of all, for s > a; and (3 G (0. 1) we have, by definition, (see [U Section 
2.6]): 

/•OO 

{si - A)-Px = 2M£« / t-l^iit + s)I - A)-^xdt, 
Jo 
and hence 

\\{sI-A)-P\\c^^^<K^-^^ I t-f'{t + s~uj)-'dt 

(40) < J^ sin{^l3) 





1 



W 



t~^dt+ I t-^-^dt 







77/3(1-/3)' 
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Secondly, let /i, A G w + EiL+g. We have: 



M-A 



II -(\I-A)R(ti:A)t\\ -t|| {u-A)ii;(u,A)i|| ^ -t+ ^ ^' Kt 

\\e ^ ' yt' I \\c{x) = e ||e^'" ' ^^' ' ||£(x) < e i^'-'-i . 

Now suppose n > 2cj(l + AK), A = 2a;, /i = j^ = jj^r^- In that case one may 
check that ^^^-^K < i and thus that for /3 G (0, 1): 

\u—uj\ — 2 ' ' \ ' / 



\fi-oj\ — 2' 



_^ / i/3-lg-(2./-A)fl(,g-^:A)t^^ 







£(X) 



<2''. 



As [-(2a;/ - ^)i?(^7^ : A)]~^ G /:(X) for any n > 2uj, it follows that there exists 
a constant M > such that for all n > 2a;: 

(41) \\[-{2u:I~A)R{^:A)]-r'\\c^x)<M. 

For /3 G (0, 1) and x G Xi^ we have, by standard theory on functional calculus 
(see [U), equation [Ml and the estimates PO)) and (|1T]) : 



||(2c./ - A„)^^ll = ll(^ + 2^)''(^^ - A)^nl - Ay^xW 
<{n + 2u;r\\[-i2u;I-A)R{^:A)y 
x\\{2u;I-Ay'x\\\\{nI-A)-^\\cix) 



'-^i-m{i^--A)]-'\\cix) 

^xWWinl-A)-''^ 
<4^y^KMmcoI-Afx\\. 

D 

Proof of Theorem \4-. 1\ Without loss of generality we may assume a; > 0. In order 
to apply Theorem 13.11 we must prove that An, n > 2uj, are of uniform type, i.e., 
that there exist oj G M, ^ G (0, |-) and ^ > such that An is of type (oj, 6, K) for 
all n >2u>. Fix n > 2a;. One checks that: 

(42) R{X : An) = {n + Xy^n - A)R{^, : A) 

whenever ;^ G uj+S^+g. Define / : C ^ C; f{z) = -^^. From ^ it follows that 
A G p(^-A) if and only if /(A) G p(A„). By standard theory on Mobius transforms 
we have that 

/({^ + S^+e})-C\(i^ini^2), 

2 

where D\ and Do are both closed disks with radius ir-, — ^ 3; the center of D\ 

^ ^ 2(n— a;) cos t^ ' ^ 

is in 2{n-^iJ\ (2*^ ~ "' tan(6')) and the center of Di is is in 2(71-^') (^"^ ~ '^i ~ tan(0)). 
The boundaries of these disks intersect each other on the real axis at the points —n 
and -H^^. The angle at intersection is tt — 2d. As n > 2a; we have ^^^^ < 2a; and 
thus p{An) C 2uj + 'EjLj^e- It remains to prove the desired estimate on the resolvent. 
Using (|42l) one may check that for A G 2a; + EiL+g we have: 

(43) R{X : A) ~ R{X : A„) = -(A + n)-^A^R{-;^ : A)R{X : A). 
Thus by ^ we have, for A G a;(l + 2(cos6')-i) + S^i+e: 

\\R{X : A) - R{X : A„)||£(x) < (1 + 2i^)2|A + n\-^ < (1 + 2Ky\X - lo\-\ 
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The final estimate follows from the fact that by standard theory on Mobius trans- 
forms we have that , , " < 1 for X E lj + Y.jl+h. In conclusion we have, for 

|A+n| — 2 ' ' 

Aea;(l + 2(cos6i)-i) + E|+e: 

\\R{X : A,,)\\cix) < \\R{X ■■ A)\\c(x) + ||i?(A : A) - R{X : A„)||£(x) 
< [K + (1 + 2Kf]\\ - uj\-\ 

This proves that A,, is of type (a;(l + 2(cos6')~^), 6*, K + {1 + 2Kf) for all n > 2w. 
It also follows from P5|) that if we take, for example, Aq = a;(l + 2(cos0)~^), 
then we have, for n > 2w: 

||i?(Ao : A) - i?(Ao : AOIl£(X) < (1 + 2K)^n~\ 

In other words, for all n g N condition ([T5|) in Theorem 13. II is satisfied with S = 1 
and Ao = w(l + 2(cos6')~^). In particular we can apply Theorem 13. II to obtain the 
desired result for the case 9f > —5 + 7, where r is the type of X, and ^G > 5 + ^■ 
Concerning the dependence on 1 + D{A, An) of the implied constant in ([T7| . note 
that 1 + D{A,An) is uniformly bounded in n, both from above and away from 0. 

In order to get the desired result for general 9p,dQ > we consider the difference 
i?(Ao : A) — R{\q : An) in the C{Xg"^, X)-noTin. (Note that if A is unbounded then 
i?(Ao : A) - i?(Ao : A„) ^ C{X^_^j^,X) for any S < 1.) For n>uj{l + 2{cos9)-'^) we 
have, by ^, that \\{2ujI - An)\\c{x) < 2n(l + K). Thus by Theorem [231 we have, 
fovSe (0,1): 

\\{2ojI - An)'-'x\\ < 2{1 + 2K)\\xf\\Anx\\^-' 

<2^-\l + 2K)^-^n^-^\\x\\. 

It follows that for (5 G [0, 1) we have: 

||i?(Ao : A) -i?(Ao : A„)||£(x/"^,x) < 2^-^(1 + 2K)^-^n-^ . 

We are now ready to apply Theorem 13.11 First of all observe that by Lemma 
14.31 we have that F : [0,T] x X — > Xg " is Lipschitz continuous and of linear 
growth for all n > 2uj with Lipschitz and growth constants independent of n, and 
G : [0, T] X X — 7* 7(if , Xg^) is L^-Lipschitz continuous and of linear growth for all 
n > 2ijj with Lipschitz and growth constants independent of n. Also, 1 + D{A, An) 
is uniformly bounded in n. 

Fix 77 € [0, 1] such that rj < min{| — ^ + Op, ^ ^ - + 9g} and suppose yo G 
LP{n,To;X^). It follows from Theorem 13.11 with 5 = rj, but with An playing the 
role of A and A playing the role of ^o, that: 

\\U - C/^"''||K°'''([o,T]xn;X) ^ l|a:^o - Z/o||lp(0;X) +n^''{l + \\yo\\Lp{n;X^)), 
with implied constants independent of n, xo and j/o- D 
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